Abstract-The time integral of the output voltage vector of a three-phase inverter is often termed the inverter flux vector. This paper addresses the control of a three-phase four-leg sine-wave output inverter having an LC filter at its output, by controlling the flux vector in three dimensions. Flux vector control has the property that an output filter resonance is actively damped by an output voltage control loop alone. Furthermore, an inverter switching action inherently regulates the output voltage rapidly against dc-bus voltage variations. The flux vector control of sine-wave output inverters finds several applications in three-phase four-wire systems. This paper presents a flux modulation method for threephase four-leg inverters feeding unbalanced and nonlinear loads. All the necessary steps for the digital implementation of the flux modulator are presented. The switching behavior of the modulator has been evaluated, which is useful for the variable fundamental frequency applications of the inverters. To provide experimental validation, the modulator is implemented as a part of the control system for a stand-alone three-phase four-leg inverter with an LC filter at its output. Control system details are also provided. Experimental results indicate the effectiveness of the modulator and control system in providing balanced voltages at the output of the LC filter even under highly unbalanced conditions with nonlinear loads. The resonance damping and voltage regulation properties of the modulator are also apparent from the experimental results.
I. INTRODUCTION
C ONVENTIONAL three-phase three-wire inverters are suitable for supplying three-phase balanced loads such as induction motors. For unbalanced three-phase loads such as those formed by unequal single-phase loads connected to the three-phase system, inverters should be able to provide a path for the neutral current. There are two main ways for doing this with three-phase inverters: 1) inverters with split dc link capacitors [1] and 2) inverters with fourth (neutral) leg [2] - [6] (see Fig. 1 ).
The higher dc link utilization, requirement of smaller dc link capacitors and flexibility in control are inherent advantages of four-leg inverters over split dc link capacitor inverters. Fourleg inverters can be used for applications such as stand-alone sine-wave output inverters for nonlinear unbalanced loads, distributed generation interfaces, microgrids, neutral current compensators, and active filters [6] . Space vector modulation methods for four-leg inverters have been presented in [2] - [6] . Space vector modulation for four-leg inverters is complex [2] , [6] . However, it has advantages, such as low output distortion, suitability to digital implementation, constant switching frequency, and good dc-bus utilization [7] .
An inverter flux vector is the time integral of inverter switching voltage vector. Inverter switching based on the control of the flux vector has several advantages in the control of sine-wave output inverters having LC output filters. In contrast to voltage modulation control methods, an output voltage control loop alone with a flux modulator is sufficient to actively damp the output filter resonance [8] . Furthermore, the inverter switching inherently regulates the output voltage against dc-bus voltage variations. The method also lends itself to easy digital implementation on a processor or a field-programmable gate array.
The 2-D flux vector modulation of three-leg inverters was presented in [8] and [9] . The grid-connected applications of three-leg sine-wave output inverters using flux vector modulation were discussed in [8] . A flux vector modulator for a fuel cell inverter was presented in [10] . An application for an active filter was discussed in [11] .
An undesirable feature of flux modulators is the variable inverter switching frequency that results from the tracking of the flux reference vector using inverter switching within a hysteresis band. The switching frequency characteristics of the flux modulator for a three-leg inverter were discussed in [8] . A solution to the problem of variable switching frequency was presented in [12] and [13] , which resulted in constant switching frequency.
Charge modulator for current source inverter, which is an analogy of the flux modulator, was presented in [14] . A flux modulator designed in the synchronous reference frame was employed in [14] - [16] . A comparison of different modulators for inverter control was presented in [14] . An analysis of a flux modulator was presented in [17] . A voltage modulation index in the linear region of flux modulator was derived in [17] .
0278-0046/$26.00 © 2010 IEEE A different technique of implementation of flux modulator for three-phase inverters was shown in [18] . A special three-phase four-switch inverter with flux modulation was used for induction motor applications in [19] . Flux modulator was also implemented for multilevel inverters in [15] . A flux modulator with current control used for grid-connected inverters was presented in [20] . An improved dynamic response of flux modulators in uninterruptible power supply application with current control was demonstrated in [16] . All these methods were concerned with inverter control in 2-D space.
The concept of 2-D inverter flux vector control for a threephase three-wire system can be extended to 3-D inverter flux vector control for a three-phase four-wire system [21] . Twodimensional control is restricted to situations in which the reference flux vector is confined to the q−d plane. With 3-D control, the reference flux vector can be anywhere in the q−d−0 space. This can be used effectively to control a four-leg inverter.
This paper presents a 3-D flux vector modulator for four-leg sine-wave output inverters used to feed nonlinear and unbalanced loads. The implementation steps are discussed in detail. The basic operation of the flux modulator was discussed in [21] . However, the important issue of switching behavior under hysteresis control was absent. This paper addresses the switching behavior issue in detail. Switching performance is shown in the form of characteristic plots of inverter switching frequency with respect to inverter output frequency. These characteristics can be used to limit and optimize the switching frequencies for different operating frequencies of the inverter by adjusting the hysteresis band. The closed-loop voltage control of an experimental four-leg inverter with an LC filter is implemented using synchronous reference frame proportional-integral (PI) controllers for the q-and d-axis flux vector components. Experimental results indicate that the modulator and control system are very effective in providing balanced regulated output voltages even with highly unbalanced nonlinear loads. Filter resonance damping and good dynamic response are also apparent.
II. THREE-DIMENSIONAL SPACE VECTORS FOR FOUR-LEG INVERTER
In four-leg inverters, a load neutral wire is connected to the fourth leg, as shown in the Fig. 1 . This provides the flexibility to control the neutral voltage and hence produces balanced voltages across the load. The maximum voltage across each phase is V dc . This is an advantage in terms of dc link voltage utilization in comparison with a split dc link capacitor inverter. Although the fourth leg introduces complexity, it gives more flexibility to control the voltage using advanced pulsewidth modulation techniques.
In four-leg inverters with three-phase unbalanced loads, electrical variables in a−b−c coordinates can be transformed to q−d−0 coordinates as follows: and zero, when the upper and lower switches of the leg are closed, respectively. The switch positions determine the phase to neutral voltages, which are transformed to q−d−0 coordinates using (1). Table I shows the phase-to-neutral voltages and the transformed q−d−0 voltages for each inverter switching state. Fig. 2 shows the entries of Table I as vectors in the 3-D q−d−0 space.
III. FLUX MODULATION FOR FOUR-LEG INVERTER

A. Principle of Flux Modulator
The inverter flux vector is defined as In this, V is the inverter output voltage vector (Fig. 2) . In 3-D flux vector modulation, the vector Ψ is made to track a reference vector Ψ * by choosing an appropriate sequence of inverter output voltage vectors. An inverter voltage vector is selected on the basis of the error between Ψ * and Ψ, so that Ψ moves toward Ψ * . Fig. 3 shows the actual flux vector Ψ tracking the reference flux vector Ψ * in the 3-D q−d−0 space. The flux vector error is sampled at regular intervals ΔT , and the inverter output voltage vector is chosen so as to keep the vector error within a tolerance band. This is detailed in the next section.
B. Implementation of Flux Modulator
The flux modulator is implemented in discrete time on a digital signal processor (DSP). The sampling time step for the discrete-time implementation is ΔT . This is the time step at which the error between the reference and the actual flux vector Ψ * − Ψ is sampled for a corrective action. In order to realize flux modulator for a four-leg inverter, the following are necessary: 1) to identify the sector on the q−d plane in which Ψ * qd , which is the q−d plane projection of the reference flux vector Ψ * , is located, as shown in Table II and Fig. 4 ; 2) to generate the error bits for the q-, d-, and 0-axis component errors, as shown in Table III;   TABLE III  ERROR BIT GENERATION   TABLE IV  POSSIBLE SWITCHING VECTORS FOR EACH SECTOR   TABLE V  FLUX MODULATOR SWITCHING TABLE   3 ) to select the inverter voltage vector that reduces the errors in the q-, d-, and 0-axis components, as shown in Tables IV and V.
1) Sector Identification:
The location of Ψ * qd identifies one of the six sectors (I, . . ., VI) on the q−d plane. This is shown in Table II and Fig. 4 . The sector is identified by limits to the slope of tangent to the trajectory of Ψ * qd . These limits are given in Table II . It is important to note that, depending on the application, the trajectory of Ψ * qd may or may not be a circle. In applications with balanced loads, the trajectory would typically be a circle. However, if the inverter has to produce balanced output voltages when unbalanced and nonlinear loads are present, the trajectory of Ψ * qd will not be a circle. Both situations are shown in Fig. 4 . In Fig. 4 , the tangents are denoted as T1, . . ., T6 and the sectors as I, . . ., VI.
2) Error Bit Generation: The errors in the q-, d-, and 0-axis flux vector components are
These errors are used to determine three bits S q , S d , and S 0 , as shown in Table III . In this table, the subscript x stands for one of q, d, and 0. The error tolerance band is h.
3) Inverter Voltage Vector Selection:
The sector information and error bits determined before are used to select an appropriate inverter voltage vector for output during the current time step. The selected vector reduces the error Ψ * − Ψ during the time step.
There are eight possible inverter voltage vectors which can be selected for any given sector. These are given in Table IV Table V . The flux modulator described earlier is implemented on a DSP. In the processor, the inverter flux components are updated at constant time intervals of ΔT using the Euler explicit integration, as given in the following:
Here, the subscript k refers to the sample number. 
IV. SWITCHING BEHAVIOR
In the linear region, the relation between the fundamental output voltage magnitude and the output frequency is given by in which V is the magnitude of the fundamental inverter output phase voltage, ω is the output angular frequency, and Ψ * is the magnitude of the reference flux vector. From Fig. 2 , the spherical limit of the maximum peak fundamental output phase voltage possible in the linear range is
if the inverter delivers full-load output voltage at the nominal output frequency ω nom ; then, nominal value of the reference flux is
The maximum possible value of the reference flux Ψ * to get operation in the linear region is given by
The flux reference vector must be contained in a sphere of radius Ψ * max centered at the origin. Here, V dc,nom is the nominal dc-bus voltage, which can produce the nominal inverter output voltage at the nominal frequency and nominal flux reference magnitude Ψ nom . The maximum flux reference can be calculated using (7) on the basis of the dc-bus voltage feedback V dc and the desired output frequency ω [8] .
The simulations of switching frequency characteristics are presented here for a nominal frequency f nom = 50 Hz and nominal angular velocity ω nom = 2πf nom . The dc-bus voltage is assumed to be at its nominal value.
The changes of switching state from ON to OFF and OFF to ON are considered as separate events in the counting of switching in all four legs. The number of switching events is averaged over five fundamental cycles. Fig. 6 shows the averaged switching frequency f sw as a function of the output frequency f , with the hysteresis band h as the parameter. For Fig. 6 , the integration time step is set as ΔT = 20 μs. The flux reference magnitude is set as where Ψ nom and Ψ * max are calculated by (6) and (7), respectively. Equation (8) ensures that the modulator remains in the linear region, over the entire range of the fundamental frequency f . The curves of Fig. 6 are independent of the dc-bus voltage V dc because the tolerance h is represented as a fraction of the nominal flux Ψ nom . Fig. 7 shows the averaged switching frequency f sw as a function of the output frequency f , with the reference flux magnitude Ψ * as the parameter. The hysteresis band value is fixed at h = 0.01Ψ nom and the integration time step at ΔT = 20 μs. Fig. 8 shows the normalized switching characteristics derived from the variable hysteresis band characteristics shown in Fig. 6 . These plots are useful during the variable fundamental frequency applications of the inverter, as they permit the implementation of a variable hysteresis band to keep the switching frequency constant. Fig. 9 shows the closed-loop control system for a standalone four-leg sine-wave output inverter with an LC filter. The inverter and filter are required to supply regulated and balanced sinusoidal voltages to unbalanced and nonlinear loads. As shown in Fig. 9 , the reference voltage vector components are denoted by E e qref , E e dref , and E 0ref . The superscript e denotes [8] . The gains of the q-and d-axis synchronous frame PI controllers shown in Fig. 9 are computed accordingly. The control of the 0-axis voltage is given as follows.
V. FOUR-LEG SINE-WAVE OUTPUT INVERTER CONTROL
The model of an LC filter in the q−d−0 coordinate is
where V qd0 , i qd0 , and E qd0 are the inverter voltage, inverter output current, and filter terminal voltage, respectively. The state equations of the inverter and filter for the 0-axis components are
Equation (11) remains unchanged in the synchronous reference frame. The frequency 
The characteristic polynomial for this system is This can be used to determine the PI regulator gains for a specified dynamic response.
VI. EXPERIMENTAL RESULTS
To provide experimental validation, the flux modulator and voltage control system described earlier were implemented to control a stand-alone four-leg sine-wave output inverter. Experiments were performed to test different load conditions, such as balanced/unbalanced and linear/nonlinear threephase loads. Here, the waveforms for two different load conditions are shown. Fig. 11 shows the waveforms for a three-phase diode bridge rectifier load on the inverter. The dc side of the rectifier has a filter capacitor and a resistive load. The upper three traces show phase voltages and the corresponding phase currents. The lowest trace shows the inverter dc link voltage. Initially, the rectifier was not connected to the inverter. It was switched on to the inverter at a certain time. Fig. 11 shows the noload, transient, and loaded steady-state performances of the system. The high-quality sine-wave voltage output under no load shows the effectiveness of the active damping of the LC filter resonance. The performance of the four-leg inverter controlled by the control system shown in Fig. 9 is shown here by means of os- cillograms and harmonic spectrum plots. The combinations of balanced and unbalanced, and linear and nonlinear loads were connected to the inverter. The load on the inverter consisted of three single-phase diode bridge rectifiers with unequal dc-side resistances, in parallel with an unbalanced linear (resistance in series with inductance) load. This was a case of severe load unbalance, both for the linear and nonlinear loads. The peak of the distorted load current was about 20 A. Fig. 14 shows the three-phase load current oscillogram. The highly distorted and unbalanced nature of the load is apparent from this. Fig. 15 shows the load voltage harmonic spectrum. It is apparent that all harmonics are negligibly small compared to the fundamental. Fig. 16 shows the load voltages E e q , E e d , and E 0 in the synchronous reference frame (refer to Fig. 9 .) The In order to achieve balanced sinusoidal load voltages in the presence of such severe load nonlinearity and unbalance, the inverter flux vector locus needs to deviate substantially from a circle lying in the q−d plane. The inverter flux vector locus is shown in Fig. 17 .
VII. CONCLUSION
A flux vector modulation method has been proposed for the control of a sine-wave four-leg output inverter. The digital processor implementation of flux modulator for a four-leg inverter is simple. This paper has described the implementation details of the modulator. The switching behavior described in this paper is useful for a variable hysteresis band operation of the modulator. This paper has also described the implementation of a voltage control system to regulate the output sine-wave voltages feeding unbalanced and nonlinear loads using the flux modulator. This paper has presented the experimental validation of the modulator and control system. Results show that the flux modulator proposed in this paper works satisfactorily under balanced and unbalanced, and linear and nonlinear load conditions on the inverter. His current research interests include the diagnosis and analysis of electrical machines, power converters, and modulation techniques for inverters.
